1. Introduction and notation. We denote by Mn the set of all matrices which are bounded continuous real valued functions of t for -oo <i < co. Pn denotes the space of all elements of Mn with almost periodic entries and the topology defined by the uniform norm (i.e.,
9l[i4(i)]=l.u.b._»<<<0O[2^?j-i |a.ï(0|]).
A matrix A(t)EMn is said
to be approximately similar to B(t)eMn, written A (t) ~B(t), if given any e>0 there exists P(e, /) such that P(e, t), P~l(e, t), P(e, t)eMn and yi[P-K-P+A(t)P)-B(t)]<(. The above concept of approximate similarity was introduced by the author to study questions of stability [l ] and perturbations of almost periodic solutions
[2], of nonlinear differential equations.
In both cases, elements of Pn which are approximately similar to constant matrices were of considerable importance.
One might expect that every element of P" is approximately similar to some constant matrix. Unfortunately the author has not yet succeeded in establishing this result. Here we prove a much weaker result. Let Gn denote the set of all elements B(t)eFn for which there exists a real constant matrix A, whose eigenvalues are all real and distinct such that B(t) is approximately similar to A. Theorem 2.3 tells us that the set Gn is an open set in Pn.
The work of Perron assures us that systems of the form :
(1.1) x = B(t)x, B(t)eF", may be reduced by a transformation T(t) to a system of the form (1.2) y = A(t)y, where A(t)eM" and is upper triangular, and T(t), T(t), T~1(t)eMn. Unfortunately, the Perron transformation, T(t), is not constructible in the sense that it depends upon a fundamental system of solutions of (1.1). A natural question, however, is the existence of a Perron transformation T(t), with T(t), T~l(t), T(t)eFn.
In this case A(t) in system (1.2) belongs to P" in addition to being upper triangular. For such systems a number of results are available [3] . In Theorem 2.1 we show that if B(t)EGn then system (1.1) possesses at least one almost periodic Perron transformation. In §3 we show by means of an example that the set of B(t)EF" for which there exists at least one almost periodic Perron transformation is not open in F*.
2. Almost periodic Perron transformations. In preparation for Theorems 2.1 and 2.3 we now establish four lemmas. In order to facilitate the statements and proofs we introduce the following definitions. A matrix B(t)EMn is said to satisfy condition I if there exist real constants Xi, • • • , X", with ¿i = min,>y (|X<-Xy| /4) ^0, and there exists an ili>0 such that the system x = B(t)x possesses « solutions Pi(t), • ■ • i Pn(t), which satisfy the inequalities:
If B(t) satisfies condition I, then any set of solutions pi(t), ■ ■ ■ , pn(t) which satisfy the above inequalities will be called a distinguished set. For systems of this form it is possible to show [2] that there exist re independent solutions pj(t) which satisfy the following inequalities:
In the above inequalities p. may be made arbitrarily small by taking 9î[P] sufficiently small. These are the desired inequalities except that to is restricted to to = 0.
We now remove that restriction. We first observe that in obtaining the inequalities (2.2) the only property of B(t) that is used is its norm (i.e., 9c [23] ). Thus if we consider the system
we obtain a set of ra solutions p*(t) satisfying inequalities of the form (2.2). However, up to a constant multiple, the inequalities (2.2) completely determine the p¡(t). Thus there exist nonzero constants k¡ such that Pj(t+to)=kjp*(t) and then from the inequalities for p*(t) we obtain:
( Proof. If A*(t) belongs to the hull of A(t) then there exists a sequence {tí} such that A*(t) is the uniform limit of A(t+ri) as i tends to oo. Let Pj(t), 7 = 1, •••,«, be a distinguished set of solutions for the system x = A(t)x. Clearly there exist ra unit vectors pj and a subsequence {t*} of {n} such that lim^«, {Pj(t*)/11py(t?) 11} =Ps-Now denote by o*(t) the solutions of x = A*(t)x which satisfy the initial conditions pf(0) -pj. Then it is clear that for t in any finite interval the solutions p,-(i-t-t?)/[|Pj-(t*)11 converge uniformly to the p*(t). Thus the p*(t), j= 1, 2, • • • , ra, satisfy the inequalities of condition I and we have our desired result.
Before proceeding to Lemmas 2.3 and 2.4 we introduce some further notation. We define Ln as the set of elements belonging to PB which are upper triangular and whose diagonal terms all possess distinct mean values (i.e., if B(t)ELn then mean value of bu(t) ornean value of bjj(t) for i^j).
If pi(t), ■ ■ ■ , pn(t) are ra independent solutions of x = A(t)x we shall denote the associated Perron transformation matrix, which is obtained by applying the Gram-Schmidt process to the column vectors Pi(t), by G.S. [pi(/), • • • , pn(t)}. For a further discussion of this procedure the reader is referred to a paper by Reid [5] . We now note that if <r»(/) = Jfe»p»-(/) where ki^O, i=\, 2, ■ ■ • , ra, then for all t. Finally we note that if A(t)EFn and satisfies condition I and if A*(t) belongs to the hull of A(t) then if we consider the distinguished set pi(i). -• ■ i Pn(t) for the system x = A(t)x there exists a sequence {t,} such that {^4(/+r,)} converges uniformly to A*(t) and the Py(/+Tj)/||py(T,)|| converges to a distinguished set p*(t) for the system x = A*(t)x. Furthermore for any value of t,
G.S.[p*i(t), ■ ■ ■ , p*(t)] = lim G.S.[Pi(t + n), ■ ■ ■ , Pn(t + n)] i-♦ «
and in fact this convergence is uniform for t in compact intervals. We now consider Lemma 2.3.
Lemma 2.3. If B(t)EFn and satisfies condition I with constants Xi, • • • , X" then B(t) is kinematically similar [4] (by means of an almost periodic transformation)
to a matrix C(t)EL".
The mean values }\* of Cu(t) satisfy the inequalities X,--/x=Xf^X¿+^i.
Proof. Since B(t) satisfies condition I there exists a distinguished set pi(i), ■ • • . Pn(t). We assert that G.S. [pi(/), ■ • • , pn(t)] is almost periodic. We show, in fact, that the family of matrices G.S.[pi(i + r), • ■ • , Pn(t + t)]
, where -w < t < », is a normal family. It is clearly a uniformly bounded and equicontinuous family. Thus we need only show that for any sequence {r¿} there exists a subsequence {t*} such that G.S.[pi(t+t*), ■ • ■ , pn(t-\-~r*)] converges uniformly as i-* °°. Since B(t) is almost periodic, by Lemma 2.2 and the remarks which follow it, there exists a subsequence {t*} such that B(t+r*) converges uniformly to A*(t) and the py(/-r-rf)/[|py(Tf)|| converge to a distinguished set cry(/) for the system x = A*(t)x. We now assert that G. In addition we may assume that the sequence {h(i)} has been chosen in such a way that the limits:
lim A*(t + i» (4) Proof. Since approximate similarity is a transitive relationship, the desired result follows immediately from the fact that B(t) is approxi-
Now as a consequence of the above results we have the following theorems and corollaries.
Theorem 2.1. For every B(t)EGn there exists a distinguished set of solutions for the system x = B(t)x such that the associated Perron transformation is almost periodic. The preceding results show us that the set of matrices in Pn for which there exists a Perron transformation which is almost periodic contains an open set. We now observe that for re = 2 this set is not itself open. The following example establishes this fact and demonstrates that the distinctness of the X,-is essential in condition I. For in the example that follows the inequalities of condition I hold with Xi = X2 = ju = 0 and the constant M suitably chosen, yet there exist no almost periodic Perron transformations for /¿^O. The example is for the case n = 2, however, it is clear that a similar construction can be made for any re > 2. Since ||p(0|| = l, we have that p(0/||p(0|| =p(0 which is not almost periodic. This completes our example. We note finally that in the case of an almost periodic matrix A(t) the inequalities in condition I may be weakened so that one only assumes that they are satisfied for t and to in some half line. Then by passing to an element A*(t) in the hull of A(t) one can establish that this matrix satisfies condition I. But by Lemma 2.2 the result then follows for all the matrices in the hull of A *(t) and so in particular for A (t). We should note, however, that the original set of solutions satisfying the weakened inequalities need not be a distinguished set.
